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4) 3naxoonpeoenennvie Keaopamuutvle Gopmbi.

5) Hocmamounvle ycnosus sxcmpemyma QyHKyuu
08YX nepemMeHHbIX.

6) Vcnoenwii saxcmpemym. Memoo muodcumenetu
Jlazpanoica 6 3a0aue HaxoxHcOeHUs YCLO8HO20

aKCmpemyma.

7) Haubonvuee u HaumeHnvulee 3Hauerue QyHKyuu 8
02PaAHUYEHHOU 3AMKHYMOU 00aacmu.




[TOOMN3BOAHOA CAOXKHOM QOYHKLIMM

1% Cnyyait oaAHON He3aBUCUMOMN NepeMeHHON.
Myctb z=flu,v), rae u=u (x) nv =v(x) - PyHKUUMU
He3aBUCMMOU nepemeHHoU x. Toraa GyHKUKUA Z
aBnseTca GyHKUMEN X U HA3bIBAETCA CAOMCHOU
¢hyHKYuel apaymeHma X.

MonHaa npoussogHaa oOT GJYHKUMM 2z noO
HEe3aBUCUMOWU nepemeHHOM X BbIYUCAAETCA no

dopmyne:

dZ 62 au 62 v

dx au ax av dox




AHanornyHo, ecnn z = f(u, v, w), rae u = u (x),
v=v(x)unw=w(x)asnatca pyHKLUUAMMU
HEe3aBMCUMOUN NEPEMEHHON X, TO

dZ azau 0Z OJOv ga_w

—+— - —+ .
dx au ox Ov OJdx Ow O0x




~ I
B®m z = flu, v) — PYHKLMA OT ABYX NEPEMEHHbIX U 1 V,
rae Kaxkaas u3 GyHKLUMIM, B CBOKO oYepeab, ABNAETCA

PyHKLMEN ABYX HE3ABMCUMMbIX NEPEMEHHDBIX X U Y, TO

Z €CTb CnyHKL(UFI He3aeucumelX rnepemeHHeiIXxx u'’y , a
€€ YaCTHble NMPOnN3BOAHbIE NO NEPEMEHHBIM X U 'Y I

(0z dz oOdu 0z O0v
— —-

ax_au°ax av.ax
BbIYUCNAKOTCA NO GOPMYIaAM: 4 37 9z ou 9z o

_|_

\5_611 oy av.ay




[Tormep.

. dZ
ﬁ'HaMTM — €N Z = g3utev

rae u=cosx,v=x2.
PeweHue. Hanaem 4yacTtHble Npon3BoaHble

a0z 3u+2v / 3u+2v

—=e -(B3u+2v) =3-e ,

0 (Bu + 2v)"

0Z ou ) ov

— =2.e3U*2Y  —_— - _sinx, — =2X

ov 0x 0x !
dZ .

TorAa —~ =3 e3Ut2V.(_sinx) + 2-e3%4+2V. 2x =

=e3U*2Y(4x —-3sin x).




[1PDOM3BOAHAS HESBHOM QDYHKLMM

% Cnyyan ogHOM HEe3aBUCMMON NepeMeHHOMN.

Ana Toro, 4tobbI, HE pewasn ypasHeHne f(x, y) =0
OTHOCUTENbHO Yy, HAaUTU NPOU3BOAHYIO OT Y NO X,
NONb3YyOTCA POPMYION:

dy ax )
Y'=a=—g—3§ %#ﬁO)




[Tormep 1.

MR TM NPon3BOAHYIO PYHKLNM
x-e?Y— y- e?*=0.

PeweHue. Hangem 4acTHble NPOU3BOAHbIE

G
=e?Y-2y-e?*u a—f- 2x- e%V— e?*,

Torga nonyymm
, _dy e2Y — 2y e2%

Y Tdx | 2x- e2V— e2x’




2) CAY4OM ABYX HE3ABMCUMMbIX

NepEeMEHHbIX
<€ AHanornyHo, ecnun ypasHeHue f(x, v,z) = 0, roe

fx, ¥y, z) — pnddepeHuupyemasa JyHKuUMS,
onpepgendaetr Z KaKk OYHKUMIO He3aBUCUMBbIX

of
NepeMeHHbIX XU ¥y W — # 0, TO 4YacCcTHbIe

IIPOU3BOJHbIE 3TOM HESIBHO 3aJlaHHOU (PYHKIUH
HaugeM 1o GpopMyJiaM:

of

0Z 3x OZ _

0Z

d
9Z_ _ __ oy
o0x of ' oy of -

07 oZ




[Tormep
<k

NaHa dyHKUMA X2+ Y4+ 2% 6x = 0.

0Z O0Z

HalTu — n —
ox 0y

PeweHune. Hanagem 4acTtHble NPOU3BOAHbIE
f oo -6 L2y
dx 6, Zy’
Toraa nony4ymm
0Z 2x-6 3 -x 9Z _ 2y vy

ox 2z  z ey 2z 7




HYACTHbIE MPOOU3BOAHbLIE
BbICLLIMX MOPIAKOB

@rpedeneHue. YacTHbIMM NPOU3BOAHBIMU 8MOPO20
nopAO0Ka Ha3blBAOTCA YaCTHble MPOU3BOAHbIE OT
YaCTHbIX MPOU3BOAHbIX NEPBOro NnopsaaKa.
O6o03HayeHuUs:

(Z'x)'x= z" ox = f”xx(x’ y) = gijzc = gj;'
2 2
(Z’x)’y= Z'xy = [y y) = aiaj; - aiazy’
2 2
(ny)fyz Z”yy — f”yy(x’ y) = gy]; = gyz .




0%z y 0%z
oyox 0xoy

OnpeodesieHue. YacTHble NpoOuU3BOAHbIE

Ha3bIBAlOTCA CMEWaHHbIMU YACMHbIMU
rMnpou3800HbIMU 2- 20 NMNOopAOKa.

Topema. Ecam 4acTHble MpPOM3BOAHbLIE BTOPOTO

nopAagka ¢yHKUMKM z = f(x, yY) HenpepbiBHbl B TOYKE
(x ), TO B 3TOM TOYKe 0%z _ 0%z

0, Yo/, dydx 0xdy
(AHanorM4HO  paBHbl CMELUaHHble  MNPOU3BOAHbLIE

BbICLLMX NOPAAKOB).
[Mpon3BOAHbIE TPETbEro NopsaAKa 0603Ha4YaloTCA TakK:

03f 03z

Iy I _ s - s —_ —

(Z xx) x_ Z xxx — f xxx(x’ y) - axg - axgl
3f _ 93z

r I __ rr — rr7 —_
(z xx) =z xxy = f xxy(x' )= dydx? 9dydx?’ 1A

y




[Toumep
Atta dyHkuma z = yln(xy?). Haitu z" (1, -1), 2" ,(1; -1).

PeweHue. 1) Hanaem yacTHblie NpoOM3BOAHbIE NEPBOrO
nopAagkKa:

9Z _ ¥y .2_Y
X

Pkl ——ln(xy )+ 2xy—ln(xy )+ 2,

"oy

2) HaﬁAEM npomn3soaHble BTOPOIro nopAaaKa:
azf o _ NI _ YN
axay =Z Xy — (Z x) - (x) -

1 2
W—Z yy = (z' ) ‘(ln(xy )"'2) " xy? 2xy—;.

CneposaTtenbHo,

z"y(1;,-1)=1,2",,,(1;,-1) =




IKCTPEMYM ®YHKLIUN OBY X TTEPEMEHHbBIX

To4uka My(x,,V,) HasbiBaeTcAa TOYKOW NOKanNbHOro Makcumyma yHkuumn z=f(x,y),
€CIN CYLLIECTBYET TaKas OKPECTHOCTL 3TOW TOYKK, YTO AnsA Nobon Toukn M(X,y)

N3 3TOW OKPECTHOCTU BbINONHAETCA HEPABEHCTBO: f ( Mo) > f (M).

Unu
Touka My(x,,¥,) HasbiBaeTCs TOYKOW NOKanbHOroO Makcumyma yHKumnm z=f(x.y),

ecv  JU(M,) : VM(x,y)EU(MO) J(My) =z f(M).

£ (M)} M, — TouKa MaKCUMyMa
U TN =S(y)

KSHEHEHME YHKUMN B TDHKE\'
JNIOKanbHOro Makcumyma
Ha3blBaeTCA JTOKalibHbIM

\_MaKCMMYyMOM (DYHKLINW. )

X - oM, f(M,)— makcumyM (pyHKIIAU




SKCTPEMYM @YHKUWMWN OBYX TTEPEMEHHbBIX

To4uka My(x,,V,) Ha3biBaeTCcA TOYKOW NTOKANbHOro MUHUMYMa pyHKUUKN Z=f(X,y),
eCINn CYLLEeCTBYET Takasa OKPECTHOCTb 3TOW TOYKK, 4TO AnA noboin Toukn M(x,y)

13 3TOV OKPECTHOCTM BBINONHAGTCA HEPABEHCTBO:  f'( M,)< f(M).

unu
Touka My(xy,V,) HasbiBaeTCs TOYKOWN NOKanbHOro MUHUMyma pyHkummn z=f(x,y),

com  3U(M,) : YM(x,y)eUM,) f(M,)< f(M).

ILZ

M , — Touka MUHUMYMa

nokaribHoro MMHMMYyMa

:
z=f(x,y) ( 3HaueHme bYHKUUM B TOuKe ) I
Ha3blBaeTCs NoKanbHbIM =

\_MUHNMYMOM chyHKLMN. Y

X f(M,)— MuHUMYM QYHKIIAH




Teopema. (Heobxogvmoe ycrnoBue CyLeCTBOBaHMS IKCTPEMYyMa)

[ycTe pyHKUKNA 2=f(x,y) andpdepeHunpyema B Touke My(Xg,¥o) N UIMEET B HEN
IKCTpPEMYM, TOrga YacTHble Npou3BoaHbIe 1-ro nopsaka B 3T0M To4Ke paBHbl 0.

Touka My(Xxp,Y), B KOTOPOW YacTHble NPOoW3BOAHbIE 1-ro nopaaka paeHbl 0,
Ha3blBaETCA CTalMOHAPHOW TOYKOMW.

Teopema. (OOCTATO4YHOE YCIlOBME CyLleCTBOBaHUA 3KCTpeMymMa) I

[ycTb B KpuTH4eckon Todke My(x,,Yq) N €€ HEKOTOPOW OKPECTHOCTU (PYHKLUA
z=f(x,y) nmeeT BCe Npoun3BoaHbIE 2-r0 Nnopsaaka.

[MycTb

A B
D(M)= = AC —B*, rne
“|B C

A=z (M,), B=2z(M,), C=z(M,).

Torga: 1) ecnu D(Mﬂ) < 0, 1o B ToUKe My(Xp,¥o) FKCTPEMYMA HET.

2) ecnu D(Mﬂ) > (), TO B TOH4KE My(Xp,Yo) SKCTPEMYM ECTb, NPUHEM:
a) ecnu A>0, TO 3TO NOKanbHbLIN MUHUMYM,
0) ecnik A<0, TO 3TO NOKaNbHLIK MaKCUMYyM.




Cxema uccnegoeaHua PyHKUMKM Zz=f(X,)y) Ha IKCTPeMyM

1) HaWTK YacTHbIe NpoW3BOAHLIE 1-r0 NopsgKa. P
i—', —
= =0

- _
2 =0

2) PELINTL cucTemy ypaBHEHWIA

3) O6o3Ha mTb craumoHaphbie Toukn M (X2 1,). M, (x,:0,), My (x51 ).
4) HailTi BCce npou3BoaHble 2-ro nopagka.

9) Ona Kaxagon cTauMoHapHOW TOYKK BelducnuTe A, B, C, D.

6) Caenatb BelBOAbLI NO NpU3HaKy CUnbBecTpa.

7) HainTk akcTpemym.




Mpumep
Viccneposatb cpyHkumio = =4x°y+24xy+1° +32V—6  Ha akcTpemym.

2. =4y-2x+24y-14 0 =8xy+ 24y
z, =4x7 14 24x-14+2y+32—-0=4x" + 24x+ 2y + 32
8xy+24y=0 8y(x+3)=0
{4x2+24x+2y+32: 0~ {gxzﬂzﬁyﬂﬁ_ 0
8y(x+3)=0

vy=0 mm x=-3

- N

2¢ +12x+ y+16=0 2% +12x+ y+16=0 7




n
—— 2% +12x+16 =0

2 6o — x'+6x+8=0

2(=3) +12(-3)+y+16=0

|
) 18—36+y+16=0 S

>
2xX +12x+y+16=0 y—2=0

’ Mony4Yunu Tpu cTaunoHapHble Toukn: M, (—2;0):. M, (—4;0), M, (—3;2).

zr = (8xy+ 24y);1 =8y

zr, =(8xy+24y)  =8x+24

o (4% +24x+2y+32) =2
= ),




Mpumep

A=z =8y; B=z;'y = 8x +24; C=Z:w =2

Hangém ana Kkaxagow ctaumoHapHol Todkn A, B, C, D u cagenaem BbiBOAbI:
M, (—2;0)

A(—Z;O) =0; B(—Z;O) = 8-(—2)+ 24 =38; C(—Z;O) =2

0
D(-2;0)=|

8
2‘ =0-64=-64<0 = »KcTpeMyma HET

Mz (_4;0)
A(—4;0)=0; B(—4;0)=8-(—4)+24=-8; C(-4;0)=2

0
D(—4;O) = 5 ‘ =0-64=-64<0 = »sKCcTpeMyMa HET

-8

4
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Mpumep
M, (_3;2)
A(-3;2)=16; B(-3;2)=8:(-3)+24=0; C(-3;2)=2

16
D(-32)=|

0
2‘ =32-0=32>0 = D»SKCTpPEMYyM €CTh

A(-3;2)=16>0 = BTOYKe M, JOKAIbHBIA MUHHMYM

Hangoém aToT MUHUMYM (SKCTpEMYM):

Zn =2(=3;2)=4-(-3) -2+24-(=3)-2+2*+32.2-6=-10

N

4




4*x2*y+24*x*y+y2+32*y-6 =
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